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Abstract

RDF is rapidly being adopted around the world as
a paradigm for knowledge representation. However, we
are not aware of any version of RDF that can express
probabilistic knowledge. In this paper, we develop a
framework called Probabilistic RDF (pRDF for short)
— we provide a syntax as well as a model theoretic and
fixpoint semantics for acyclic pRDF theories. We then
provide algorithms to efficiently answer queries posed
to pRDF ontologies. We have developed a prototype
implementation that shows that our algorithms work
very well in practice.

1 Introduction

Over the last few years, the use of RDF as a
paradigm for representing knowledge has grown dra-
matically. RDF and OWL ontologies exist on a wide
variety of topics ranging from genetics to visual sen-
sor data fusion. These are clearly domains that are
chock full of uncertainty - image processing programs
based on Bayesian analysis often return probabilistic
identifications of objects, while relationships between
a symptom or disease and the genetic markers a per-
son may also be probabilistic.

In order to express such information, we introduce
Probabilistic RDF (pRDF) for short. We define the
concept of a pRDF schema and a pRDF instance in
Section 2. A pRDF instance extends RDF triples by
allowing unconditioned probability distributions over
a set of possible values of an RDF triple. Section 3
provides a formal model theoretic semantics for pRDF
based on the possible worlds probabilistic logics of Fa-
gin et. al. [3]. Section 4 shows that we can associate
a monotonic function with any pRDF theory — this
function has a least fixpoint that compactly represents
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the set of all quadruples entailed by the pRDF theory.
However, using the fixpoint to answer queries is not
always desirable because the size of the fixpoint can be
enormous. Section 5 provides algorithms to efficiently
answer atomic queries with at most one variable. Sec-
tion 6 describes our prototype implementation together
with experiments showing that queries can be answered
in very small amounts of time (a few seconds) for pRDF
instances as large as 100,000 quadruples.

2 pRDF syntax

We now develop a formal syntax for pRDF. We as-
sume the existence of the following sets: U is the set
of URI references and L is the set of literals (primi-
tive data values)!. We also assume the following are

arbitrary but fixed:

(i) C C U is the set of classes.

(ii) P C U is the set of properties. We introduce the
notion of transitive properties as a basic inference
capability for RDF instance data. We assume that
a set P! C P of transitive properties is specified,
where Pt UP™ =P and P! NP = (.

(iii) Z C U is a set of instances (individuals).

We now define a pRDF schema.

Definition 1 (pRDF schema) A probabilistic RDF
schema is a finite set S of elements in one of the fol-
lowing forms:

(S1) Probabilistic quadruples are of the form (s, rdfs :
subClassOf,0,6), where s € C,O C C and § :
O — (0,1] a probability distribution over O. We
require that:

(51.1) 3 8(v) < 1.

veO

1For reasons of space, we do not address features such as
reification in this paper; blank nodes are therefore omitted from
the discussion.
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Figure 1. pRDF example

(51.2) ¥ ((s,rdfs : subClassOf,01,61),(s,rdfs :
subClassOf,0q,02) € S such that Oy # O3)
then O1 N Og = 0.

(S2) Non-probabilistic triples are in one of the follow-
ing forms:

(52.1) (p1,rdfs
P1,p2 € P.

(52.2) (p,rdfs:range,c), where p € P,ceC.

(52.2) (p,rdfs : domain,c), where p € P,c € C.

subPropertyO f,p2), where

Example 1 Figure 1 contains a graph representa-
tion®> of a pRDF schema (ignore the rectangular
nodes for now).  (FoodPoisoning, rdfs:subClassOYf,
{Bacteriallnfection, ViralInfection,}, {.85,.15}) is a
pRDF schema quadruple illustrating item (S1) in Def-
inition 1; the quadruple states that a FoodPoisoning
condition is a Bacteriallnfection with 85% probabil-
ity and a ViralInfection with 15% probability. (has-
Complication,rdfs:subPropertyOf, associatedWith) is a
non-probabilistic triple illustrating item (S2.1) of the
same definition.

The rest of the paper will primarily focus on the
semantics and query processing at the pRDF instance
level; the problem of pRDF schema queries will be ad-
dressed in an extended version of this paper.

Definition 2 (pRDF instance) A probabilistic RDF
instance R is a finite set of probabilistic quadruples in
one of the following forms:

2The example was compiled using information avail-
able at www.wrongdiagnosis.com Probabilities were computed
from a small subset (1980-1985) of statistical data pub-
licly available from the National Health Interview Survey —
www.cdc.gov/nchs/nhis.htm.

3While conditions may be associated in terms of diagno-
sis methods, treatment or symptoms, hasComplication directly
specifies a cause-effect relationship.

(11) (s,p,V,0), where s € I, p e P,V CTUL, §:
V — (0,1] such that:

(I1.1) 3 6(v) < 1.

veV
(11.2) ¥ (s,p,V1,61),(s,p,V2,02) € R such that

Vi# Ve, VinVy =0.
(12) (s,rdf : type,V,0), where s € Z, V. C C such that:

(12.1) 3 §(v) < 1.

veV
(12.2) (s,rdf : type,Vi,01),(s,rdf : type,Va,ds) €
R= (Vl = ‘/2) A ((51 = (52)

Example 2 The quadruple (Flu, hasComplica-

tion, {AcuteBronchitis, Pneumonia},{.7, .15})
in Figure 1 can be intuitively read as: when-
ever the Flu condition has complications from

{AcuteBronchitis, Pneumonia}, there is a 70% prob-
ability that the complication is AcuteBronchitis and a
15% probability that the complication is Pneumonia.
Whenever probabilities are not specified in the example,
they are assumed to be 1.

We will often abuse notation and talk about quadru-
ples in a pRDF instance having the form (s,p,V,?)
where p is either a property or rdf : type, with the re-
strictions imposed. This allows us to talk about both
kinds of quadruples in a pRDF instance in a unified way.
We also use rdfs : subPropertyO f* to denote the re-
flexive, transitive closure of the rdfs : subPropertyO f
relation.

Definition 3 (pRDF theory) A pRDF theory is a
pair (S, R), where S is a pRDF schema and R is a
pRDF instance.

We note that there are a number of ways in which
pRDF theories can be represented in practice. One
possible way is to use quadruples*; another possibil-
ity is the use of reification. Since pRDF semantics and
query processing are the focus of this paper, we omit a
lengthy discussion on representation issues.

We now define the important concept of a p-path.

Definition 4 (p-path) Let (S,R) be a pRDF theory
and let p € P*. Let P be a sequence of quadruples
(8i,Di, Vi, Vi), fori=1,...,n, where:

(1) Yiel,n],3 (s,pi,V,0) € Rst.v;, e VAS(v;) =

Yi-
(i) ¥ i € [1,n],p; rdfs : subPropertyOf* p.
(’L’LZ) Vie [1,% — 1},1]1' = S;i41-

4A  quadruple-based approach is currently discussed
for representing contexts/data provenance in RDF — see
http://www.w3.org/2001/12/attributions/.



In this case, P is a p-path of length n with origin sy
and destination v, : we denote P by (i, Di, Vi, Vi)ie[1,n]-
We use org(P) and dest(P) to denote s1 and vy, respec-
tively.

Example 3 Consider the pRDF instance in Fig-
ure 1. There are two distinct associatedWith-
paths between Flu and Pneumonia — one re-
sulting from the hasComplication edge between
the two objects and the second containing the
AcuteBronchitis node (hasComplication is a subprop-
erty of associatedWith).

A pRDF instance is acyclic iff for all properties p €
Pt there are no cyclic p-paths in it.

Assumption. Throughout this paper, we assume that
all pRDF theories are acyclic®.

We recall the notion of a triangular norm (first in-
troduced in the context of fuzzy logic)[3] that is often
used to compute the probability of a conjunction of
events.

Definition 5 (t-norm ) A triangular norm (¢-norm
for short) is any binary function @ from [0,1] x [0, 1]
to [0, 1] such that:

(i) ® is associative and commutative;
(i) ¥V x,y,z,w € [0,1] s.t. x <y and z <w, x @z <

YR w.
(iii) 0® x = 0;
(v) 1@z =u.

We will also denote by ming(p,p:) = min({qlp ®
q > pt}). As a convention, if {¢lp ® ¢ > p:} = 0,
then we write ming = 1. If can be easily proved that
V p,V pi pr < ming(p,pt)-

3 pRDF semantics

We now introduce a declarative model theoretic se-
mantics for pRDF. Given a pRDF quadruple (s, p, V,d),
we know that each RDF-triple of the form (s,p,v)
where v € V has a probability d(v) of being true. For
any set of such triples (or “world”) obtained in this
manner from a pRDF theory, we would like to associate
a probability. We now define these terms.

Definition 6 (World) A world W is a set of triples
(s,p,v), such that (s e ZAp e PAveEZTUL)V (s €
IAp=nrdf :type Nv € C). We denote the set of
possible worlds by W.

5This is a reasonable assumption — the main argument is that
the expressiveness of RDF is lower than that of most description
logic frameworks (which can deal with cyclic ABoxes). Space
constraints prevent us from going through these details.

Definition 7 (pRDF interpretation) A pRDF in-
terpretation is a mapping I : W — [0,1], such that

S I(W) =1.

wew

A pRDF interpretation postulates that exactly one pos-
sible world is the “real” world — uncertainty arises be-
cause we don’t know which of the possible worlds is
the real one. Our possible worlds approach builds on
probabilistic logics due to Halpern|6].

Example 4 Any subgraph of the graph in Fig-
ure 1 is a possible world. These are not all
the possible worlds. Intuitively, we would as-
sign a very low probability to a world such as

W={(MiddleEarInfection,hasComplication, Emphysema)},

since there is no evidence for the information in W.

Definition 8 (pRDF satisfaction) An interpre-

tation I satisfies a pRDF quadruple (s,p,V,0) iff

VoueViw) < > I(W). I satisfies a
{Wew|(s,p,v)eW}

pRDF theory (S, R) w.r.t. t-norm ® iff:

(i) I satisfies every quadruple in R.
(i1) ¥ p — paths (si,pi,vi,Yi)iepr,n) in (S, R), @, <
I(wW).
{Wel(s1,p,vn)EW}

We say that (S, R) is consistent iff it has a satisfying
interpretation.

The second condition above uses ® to compute the
probability of a given p-path®. Entailment is defined
in the usual way.

Definition 9 (Entailment) Let ® be an arbitrary
but fized t-norm. (S,R) entails (s,p,V,d), written
(S,R) =g (s,p,V,0) iff every satisfying interpreta-
tion of (S, R) also satisfies (s,p,V,d). Furthermore,
(S1, R1) Eg (S2, Re) iff every satisfying interpretation
of (S1,R1) is a satisfying interpretation of (Sa, Ra).
(S1, R1) is equivalent to (Sa, Rs), written (S1, R1) =g
(82, R2) iff (S1,R1) Fe (S2,R2) and (S2, R2) Fe
(S1, R1).

Example 5 The pRDF theory in Figure 1 entails
(Flu, associatedWith, {Pneumonia},{.65}) w.r.t. the
min(x,y) t-norm. It also trivially entails (Flu, associ-
ated With, { AcuteBronchitis, Pneumonia},{0.6,0.15} ).

6We note that analogous concepts of interpretation and sat-
isfaction can be defined for pRDF schemas (in the same way
as RDF model theory defines RDF and RDFS interpretations).
However, due to space constraints, we primarily focus on pRDF
instances.



The fact that all pPRDF theories are consistent can be
easily shown by assigning I(W,,a.) = 1, where Wipas
is the “largest” possible world.

Theorem 1 FEvery pRDF theory (S, R) is consistent
w.r.t. any t-norm Q.

4 pRDF: Fixpoint Semantics

In this section, we build upon Theorem 1 and show
how to associate an operator with each pRDF theory
that maps pRDF theories with pRDF theories. This
operator has a least fixpoint that compactly represents
all quadruples entailed by the theory.

Suppose (S, R) is a pRDF theory and n is a non-
negative integer. Let 7, (s,p,v) be the set of p-paths
between s and v of length n or less.

Definition 10 (A Operator) Let (S,R) be a pRDF
theory.  Let €¢(S,R) = {(s,p',V,0)|3(s,p,V,0) €
R A (p,rdfs subPropertyOf,p') € S} and
w(S,R) = {(s,p, {v},9)[(|T2(s,p,v)| = 2) A (v

) =
max (Q),;7])}. We define A(S,R) = (S,RU
P;€Tz(s,p,v)

e(S,R) U u(S, R)).

Similarly to relational databases, with a fixed pRDF
schema, we show that A is monotonic w.r.t. the pRDF
instance.

Proposition 1 A is monotonic in its second argu-
ment, i.e. if Ry C Ra, then A(S,R;) C A(S,Ry).
Hence, for a given (S, R), A has a least fixpoint (S, R’)
with R C R'. This least fixpoint is denoted Ifp(S,R) and
is also called the closure of (S, R).

Example 6 Consider the pRDF theory in Figure
1 and let © ® y = xy. The closure of this
theory includes (AcuteBronchitis, hasComplication,
{CorPulmonale},{0.002} ); the probability was com-
puted as the mazimum on the two paths between
AcuteBronchitis and Cor Pulmonale.

Clearly, (S, R) entails A(S, R) according to Definitions
8 and 9, thus (S, R) Eg Ifp(S,R). Soundness of the
inference system defined by the closure is thus guar-
anteed. The following proposition establishes the com-
pleteness of the closure, showing that all quadruples
entailed by (S, R) are either in Ifp(S,R) or trivially en-
tailed by a single quadruple in it.

Theorem 2 Let (S,R) be a pRDF theory and let
(S,Rypp) = Ifp(S,R). Then for any (s,p,V,d) s.t.
(S,R) =g (s,p,V.0), 3 (s,p,V',0") € Ry, such that
VCV' AVveV,§w) <d'(v).

Justification. Let us assume that (S,R) g
(s,p,V,0) and the proposition does not hold. Then
there are two possible cases.

(1) For each (s,p,V',¢') € Rpp, o e V-V'. It
is then straightforward that A(s,p,V”,6”) € R s.t.
v € V”. Hence, from the justification of Proposition 1,
the worlds containing quadruples with s, p, v are not in
Wg, thus there exists a satisfying interpretation such
that > I(W) = 0. Since d(v) > 0, I

{Wew|(s,p,v)eW}
cannot satisfy (s, p,V,d), leading to contradiction.

(2) For each (s,p,V’,0") € Ry, such that V C V7,
Jv € V s.t. §(v) > §'(v'). By induction on the struc-
ture p(S, R), the probability value assigned to each p-
path is the same as the value used in the system of
equations in the justification of Proposition 1. Since
there are an infinite number of satisfying interpreta-
tions that meet (stricter) equality conditions than the
inequalities in Definition 8, there exists a satisfying in-
terpretation that does not satisfy (s, p,V,0).

5 Atomic pRDF queries

An atomic pRDF query has the form (s,p,v,\)
where at most one of the members of the quadruple
is allowed to be a variable. We prefix variables with a
question mark. In this section, we show how to answer
queries in the cases when the subject s, the property p
and the probability A are variables (the case when the
value v is a variable is analogous to the case for s and
hence is not repeated).

Theorem 2 provides a simple algorithm for answer-
ing atomic queries. The algorithm would: (1) compute
Ifp(S,R); (2) Compute A, the set of potential answers
by performing a linear search for possible substitutions
of ¢ to quadruples in Ifp(S,R); (3) Remove from A any
redundant quadruples (w.r.t. entailment).

The simple method shown above is inefficient since
it computes the entire Ifp(S,R). We will now present
efficient algorithms for answering atomic queries that
prune the search space significantly.

Definition 11 (Answer) Let (S, R) be a pRDF the-
ory and let ¢ = (s,p,v,\) be a simple query. The an-
swer to q is Ansg(S,R) = {(s',p/,v",\)|((S,R) e
(s',p',v', N) A (3 0 substitution s.t. (s = s") A (pf =
p)A(wd = v)A (A < X)) A (/3P0 A7) €
Ansg(S,R) s.t. X > X))}

Intuitively, the answer to (s,p,v,\) consists of all in-
stances of this query that are entailed by (S, R) subject
to the restriction that if (S, R) entails (s',p’, v, \) and
(s",p", 0", X'y and X' < X then (s”,p"”,v", \') is not



Algorithm pRDF_Subject(S, R, ®,q = (7s,pq, Vg, Aq))
Input: pRDF theory (S, R), t-norm ®, query gq.

Output: Ans,(S, R).

Notation: SP(p) = {p’ € P|(p',rdfs : subPropertyOf*,p)}.

1- R' — {(s,p'.V,0) € Rlp’ € SP(py)}:
. if pq € P! then

(s, As) < remove from Q' element with highest \;
Q" — {(s', 2y ®Xs)|3(s,p, V,8) € R s.t. (s€ V) A
()\ ;= 6(5) > ming (s, Ag)) };

Q"5

)\

4! — @

5. whlle Q' # 0 do
6

7

8 Q QU

9 Q—QuQ”;

10. Q,Q" — replace (s,Xs),(s,\)) € Q,Q with
(o2 maz (0 XD

11. end

12, Ans — {(s,pq,vq, N)|3(s, X) € Q};

13. else

Ans — {(s,pq,vq, V)| (3(s,p,V,6) € R s.t. (vg EV)A

(6(vg) = A > X)) A(B(s,pq,vq,X') € Ans s.t. A > A}

14. end
15. return Ans;

— {(5,2:)[3(5,p, V. 8) € R’ s.t. (vg € V) A (As = 6(v) >

Algorithm pRDF_Property(S, R, ®,q = (sq, 7P, Vg, Aq))
Input: pRDF theory (S, R), t-norm ®, query q.
Output: Ans,(S, R).

1. Q — {(v,p, A0)|3(sq,p, V,6) E Rs.t. (WeEV)A
(Ao =38(v) > Ag) A(pEP)};

2. Ans «— 0;

3. while Q # 0 do

4. (v, p, Ay) < remove from Q clcmcnt with highest A,;

5. Q — {(v,p Ay @ Xy)|3(v, P, Vzi) ERst. (vVVEV)A

((p,rdfs: subProputyOf,p YES)A
(s = 3(0') > ming (o, Ag)):
Q' U{(v Py Ay ®Ao)|3(v, P, V,8) € Rs.t. (v € V)A

6. Q «—
(p", rdfc; : subPTopertyOf,p) €S)A
(Ayr = 8(v") > ming (Av, X))}
7. AnsHAnsU{(Sq,pyvqyk)\?'(vq,pyk) €Q'};
8. Q' « remove elements containing v, from Q’;
9. Q—QuUQ;
10. Q « replace (v,p, )\1,) (v p,AL) € Q with
(0, 9, ma(r X,));
11. end

12. Ans «— AnsU{(sq,p,vq,\)|3 (5,p, V,d) € Rs.t. (p € P"")A
(vg € VYA G(0) Z X2 A0)}:

13. Ans «— Ans — {redundant quadruples in Ans};

14. return Ans;

Figure 2. Algorithms pRDF _Subject and pRDF _Property
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Figure 3. Atomic query running time

included as it is clearly a redundant quadruple that
adds nothing.

Example 7 Consider the pRDF theory in Figure 1.
The following are simple queries and their answers
w.r.t. the min(x,y) t-norm:

What condition 18 associated with
Pneumonia with probability above .67
q=(?s,associated With, Pneumonia,.6). The answer is
{(Flu, associatedWith, Pneumonia, .65),(AcuteBron-
chitis, associatedWith, Pneumonia, .65)}.

What is the relation between Flu and Pneumonia
with probability above .52 q=(Flu,?p,Pneumonia,.5).
The answer is {(Flu, associatedWith, Pneumonia,

.65)}.

Algorithm pRDF _Subject shown in Figure 2 com-
putes the answer to atomic queries with an unknown
subject. The algorithm prunes the search space at ev-
ery inference step by excluding quadruples that are be-
low the query probability A, on line 7; due to the afore-
mentioned properties of ming, the pruned quadruples
cannot be in Ans, (S, R). The probability assigned to

a triple (s,p,v) (in cases where there are several p-
paths between s and v) in Definition 10 is computed in
line 10. pRDF _Subject also performs an initial prun-
ing step on line 1, by limiting the search to the por-
tion of the pRDF theory that is related to p,. Al-
gorithm pRDF_Property takes similar advantage of
the properties of ming to minimize the search space.
For reasons of space, we omit two (similar) algorithms
that compute the answers to simple queries with un-
known object (pRDF_Object) and unknown probabil-
ity (pPRDF_Probability), which were implemented as
part of the experimental evaluation.

Theorem 3 Algorithms pRDF _Subject and

pRDF _Property return Ans,(S,R) for each query g
to a pRDF theory (S, R).

6 Experimental results

We have developed an experimental prototype of the
pRDF system consisting of about 1700 lines of Java
code. Experiments were conducted on a Pentium 4



3.2 GHz machine with 512 MB or RAM running SuSE
Linux 9.1. The experiments were performed on syn-
thetically generated datasets.

In the first set of experiments, |P| = 50 and |P?!| =
15. The average width of the pRDF theory (the width of
a theory is max, , v,5)(|V])) was 15. We varied |R| be-
tween 5,000 and 100,000 quadruples and measured the
running time, including any disk I/O overhead. The
experiment was performed by using the Poisson and
Zipf distribution respectively for quadruple generation.
The results averaged over 30 runs are shown in Fig-
ure 3(a) and (b). As expected, the pRDF _Probability
is the fastest algorithm; this is due to (i) knowing
Sq,DPq; Vg and (i) the reduction of the space needed to
store intermediate values of Ans. pRDF _Subject has
a linear trend, whereas pRDF _Property is the least
efficient due to the large search space. In a separate
experiment we have determined that by using he naive
method (computing Ifp(S,R) and performing a linear
search), the running time increases by a factor ranging
between 6 and 15. Clearly, the probability distribution
used for the quadruples has very little influence on the
running time of the algorithms.

In a second set of experiments, with |R|=100,000,
|P| =50 and |P!| = 15, we varied the average width of
the pRDF theory from 5 to 35, with a standard devia-
tion of 1.5; the results were averaged over 30 indepen-
dent executions. We found that the number of itera-
tions for all three algorithms presented in Figure 3 was
linearly increasing up to a width of 20, after which the
probabilities in the quadruples decrease enough so that
more and more paths are pruned, leading to a linear
decrease in the running time.

7 Related work and conclusion

Our work builds on a larger body of research about
uncertainty in logic and Web languages. In terms of
representation, Fukushige [4] provides a comprehensive
method for representing probabilistic relations in RDF;
we focus mostly on pRDF semantics and query answer-
ing methods. In terms of probabilistic extensions to
logic and ontology languages, Ding et al [2] propose a
Bayesian network-based extension to the ontology lan-
guage OWL; Koller et. al [7] and Giugno et al. [5]
propose probabilistic extensions of description logics;
Costa et al. [1] extend OWL with uncertainty based on
first-order Bayesian logic. Our work shows that RDF
is also good basis for a comprehensive probabilistic ex-
tension with query processing capabilities. The sim-
plicity of the pRDF language (as compared to OWL)
allows for very efficient query algorithms. Pan et al.
[9] and Mazzieri et. al [8] propose fuzzy extension to

causal networks and the OWL language respectively.
Our work makes use of some fuzzy concepts, such as
the use of t-norms; the methods shown for pRDF query-
ing avoid the space and running time requirements de-
scribed in [9].

In this paper, we have developed a Probabilistic RDF
framework within which users can express probabilistic
information about the relationships expressed in RDF.
We have developed results on the consistency of pRDF
theories, together with a fixpoint semantics and algo-
rithms to answer queries to pRDF theories. Our pro-
totype implementation of pRDF is, to our knowledge,
the first of its kind.
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